ABSTRACT Due to the accelerated growth in the field of power electronics and controller design techniques, the usage of the active magnetic bearing has picked up in industries. Active magnetic bearing helps the rotor to rotate freely without any physical contact. In brief, this paper develops a model of an active magnetic bearing using the finite element method, and its associated reduced order model, followed by the development of a robust control strategy. COMSOL software is used to perform three-dimensional simulation of an active magnetic bearing system. The state space system matrices are extracted from the finite element method, and a linear time-invariant state-space system is generated in MATLAB. Since the original system is large, the reduced order model is constructed. Then, based upon the reduced order model, a sliding mode control is designed to improve the regulation performance of an active magnetic bearing under unmodeled uncertainties. The stability analysis of closed-loop reduced order model with unmodeled uncertainties guarantees the finite time convergence of system states using Lyapunov theory. Further, it is proved that the same control law will also provide satisfactory performance for the original model using the reduced order model as an observer. The numerical simulation is carried out to illustrate the effective performance of the proposed controller for the reduced model as well as the original model with multiple initial conditions. The proposed work offers an alternative approach of using the reduced order model instead of the original model for the controller design of an active magnetic bearing.
of numerical simulations has been escalated immensely. There are different numerical techniques for modeling and analysis of AMB like finite element method, finite difference method, boundary element method, etc. In the case of magnetic field analysis in AMB systems, Finite Element Method (FEM) has been preferred [4] [5] [6] for its flexibility and versatility. The simulation analysis for three and four coil AMB using FEM has been shown in [7] . There exist various FEM software for simulating AMB e.g., COM-SOL [8] , ANSYS [7] , [9] , etc. are some of them. In [10] , a design procedure and optimization of AMB geometry with the effects of eddy current is presented. The FEM technique converts an inherently distributed parameter system given by partial differential equations (PDE) to a system of ordinary differential equations (ODE). Although ODE is easier to solve than PDE, due to a large number of ODEs usually encountered in FEM, it gets computationally heavy. Therefore, Model Order Reduction (MOR) [11] , [12] is applied in order to reduce the computational burden and to preserve the system properties. The Reduced Order Model (ROM) thus obtained not only decreases the simulation time but also makes controller design easier [13] .
On the controller aspects, different types of algorithms have been developed and implemented to control the AMB system over the years. In [14] , a hybrid controller based on state feedback approach is developed, and gains are chosen by LQR method. A state based disturbance observer is introduced in [15] for nullifying the mismatched uncertainty. A Kalman estimation based decoupled controller is designed and used for controlling a 5-DOF AMB system in [16] . In [17] , an adaptive algorithm for the shaft control of the AMB system has been proposed. A neural network based control has also been applied to the AMB system in [18] . The control of vibrations due to unbalance force has been discussed in [19] . A model predictive based controller is implemented in a single axis AMB system in [20] . For AMB with flexible rotor system, the sliding mode control (SMC) has been designed to nullify the nonlinear effects presented in [21] . Also, in [22] , a second-order SMC for the AMB system has been discussed. In the aforementioned papers, only approximate analytic equations are considered for the controller design, whereas in the proposed work, AMB is modeled through FEM to get a realistic model. Then it is reduced to make it suitable for the application of the controller design. Recently, self-sensing AMBs that does not require the use of sensors has also been an active area of research [23] . In this paper, the proposed control strategy also does not require the sensor information.
The main contribution of this work is stated as following:
• Finite element modeling is implemented for AMB using COMSOL software to generate the state-space model. Model order reduction of the generated state-space model is achieved using balanced truncation method.
• The neglected states in the reduction process give rise to the unmodeled dynamics with a known bound. These are taken as uncertainties in the overall control strategy.
• Since the FEM based full order model (FOM) is large, the control strategy involves the designing of the SMC for the reduce order model (ROM), but its implementation is done on the original FOM. The control strategy is shown to be robust to the unmodeled dynamics or uncertainties in the system.
• Moreover, the proposed SMC technique is designed for finite time convergence of ROM states to the origin.
• It is also established that the ROM can act as an observer for the original FOM model, thereby giving the complete state information to the controller rather than one or two positions measured by the sensors. In other words, the control strategy doesn't require the sensor information leading to sensorless control. This paper is organized as follows: In section II, a brief working principle and FEM modeling of an AMB system with eddy currents are described. In the next section, balanced truncation based MOR techniques for the AMB system is presented. Section IV discusses the unmodeled dynamics generated due to MOR and its integration in the overall modeling strategies of the AMB. Then in section V, a linear sliding mode control is proposed for ROM to compensate the effects of unmodeled dynamics taken as uncertainties of FOM and the stability analysis is carried out by Lyapunov theorem. In section VI, the applicability of the proposed MOR based control to the original large order system is established. The numerical simulations of the COMSOL model and the performance comparison between FOM and ROM are presented in section VII. Finally, the conclusions are drawn in the last section.
II. WORKING PRINCIPLE & FEM MODELING OF AMB
The essential part of AMB consists of an electromagnet, rotating load, amplifier, a gap sensor, micro-controller, etc. In general, the rotating load levitates with the help of the biased current, which also compensates the weight of the rotor. During the movement of the rotor, if it is dislocated from the central position, then the controller action comes into play. The controller generates a control signal with the help of measurements of the gap sensor. Then power amplifier boosts the control current, and the applied current restores the rotor position. Fig 1 represents a basic diagram of AMB with all components included [24] . The FEM modeling of AMB can be classified as in equilibrium point and displaced position. The equilibrium position refers to the undisturbed position of AMB, where the rotor rotates without any axial vertical displacement, and the controller remains idle. The total input current in the model consists of bias current I 0 and control current I y . First, we describe the modeling of AMB for the equilibrium position. The magnetic flux density in equilibrium can be written asB 0 = curlÂ 0 , whereÂ 0 is the magnetic vector potential andB 0 is magnetic flux density due to bias current I 0 . The curlÂ 0 is defined as:
(1)
The electromagnetic behavior of AMB is defined by Poisson's equation
where µ is magnetic permeability, σ is electrical conductivity and J 0 is the current density due to the bias current. The generated force from the magnetic flux density in equilibrium can be given using Maxwell stress tensor as [25] , where n is the unit outward normal vector of the integration surface S
The magnetic flux density is dependent on the control current I y and displacement y. Therefore, generated force also becomes a function of I y and y. The generated force helps the rotor to stay in equilibrium position by balancing the load as
where m is the mass of the rotor and g is the gravity. The modeling of AMB for the general displaced position is presented next. The entire analysis of AMB is considered to be linear. The magnetic flux density in displaced position can be given asB =B 0 +B y = curl (Â 0 +Â y ), wherê A y is the magnetic vector potential andB y is the magnetic flux density due to an impressed control current density J y , corresponding to an input control current I y . For the displaced position electromagnetic behavior is defined as
The generated force can be presented as [25] 
The motion of the rotor around y axis is defined as below
The bias current nullifies the weight mg of the AMB system and control current helps for the dynamic movement of this system. Now, subtracting out the equilibrium conditions (2), (3) and (4) from the total expressions (5), (6) and (7), we get the equation for displaced state of the rotor as
Recalling that AMB is an electro-mechanical device, the electromagnetic and mechanical models can be picturized as shown in Figure 2 to obtain the overall model. The electromagnetic block in Figure 2 is governed by (8) and (9), both being PDE's, while the mechanical block is governed by (10) , which is a single ordinary differential equation.
The FEM model generated from applying FEM method to (8) , (9) leads to a system of differential algebraic equations (DAE's). Some of the equations in these DAE's are purely algebraic equations that correspond to parts where there is no conductor. In parts of the domain which contain conducting regions, differential equations arise. The purely algebraic equations can be eliminated without much computational effort by one of the techniques reported in [26] , [27] . Alternatively, software like COMSOL has inbuilt features which converts the DAE's to ODE's. In either case, these DAE's can be converted to the system of ODE's. Together with (10), they are given as
The system has m input, p output and order n, where n denotes number of nodes in the conducting regions usually a large number. In this case, m = 1 and p = 1. The input u in the model is control current I y and output is displacement from central position y. Moreover,Ē and A are sparse, invertible and symmetric matrices. As DAE's converted to ODE's after elimination of most of the algebraic states, FEM model is converted to sparse system. Invertible and symmetric matrices are obtained because the generated system is stable. The number n still being in the thousands, the model (11) & (12), referred to as the Full Order Model (FOM), is then reduced using MOR technique. It should be noted that sinceĒ is nonsingular, hence (11) & (12) can also be put in the normal state space form, given as
However, doing this would destroy the sparsity of the model and hence is avoided, practically for computational difficulties.
III. REDUCED ORDER MODELING OF AMB
It is difficult to simulate and analyze large order models and designing a controller for such systems is also very difficult. In order to accomplish these tasks, it is essential to convert the large order systems to smaller order systems. Model order reduction is a tool to convert large order models to much smaller order models while capturing necessary dynamical behaviors and properties of the original large order models.
To reduce the system, we have used balanced truncation, which is a popular method for model order reduction.
Balanced truncation not only preserves some of the important system properties, but it also keeps the reduction error at a bound [28] . In order to use balanced truncation, we need the controllability and observability Gramians W c and W o , respectively, which can generally be expressed as
It is noted that both W c and W o are positive definite. After getting W c , W o from (14) and (15) singular value decomposition of the product can be represented as
where U and T are respectively the left and right singular vectors and is the diagonal matrix containing the singular values σ 1 , σ 2 , ...., σ n . Based on magnitude, the singular values are partitioned into 1 = σ 1 , σ 2 , . . . , σ q and 2 = σ q+1 , . . . , σ n . The singular vectors U and V are also partitioned accordingly. Balanced truncation keeps the singular values in 1 and throws away the singular values in 2 .
Computationally, controllability and observability Gramians W c and W o are given by solutions X and Y of the generalized Lyapunov equations
where
The above generalized Lyapunov equations are computationally heavy. But they can be solved through various ways which involves less computation [29] [30] [31] . If we consider a generalized Lyapunov equation as
then, the solution of the above equation can be obtained as in [31] . Equation (18) can be computed from (20) by setting N =C TC . Equation (17) 
Using these factors, the singular value decomposition can be evaluated as [33] 
where 1 ∈ R q×q reflects dominant singular values, also called the dominant Hankel singular values of the system (11) and (12) . The projection matrices are created as
Then the reduced order model is computed as
MOR generates a Reduced Order Model (ROM) of order q n such that input-output characteristics and other important information are preserved. The original model is reduced to a much smaller order system via balanced truncation, so the value of q will be much less than n. The reduced order model can be represented as (25) and (26) where
whereĒ q ∈ R q×q ,Ā q ∈ R q×q ,B q ∈ R q×m ,C q ∈ R p×q . Note that for the reduced systemĒ q can be expressed as
MOR achieved through balanced truncation keeps the dominant states and throws away the less dominant states. The deducted states give unmodeled dynamics that can be taken as an uncertainty in the controller design procedure.
IV. INTEGRATION OF ROM AND UNMODELED DYNAMICS IN MODELING OF AMB
It should be noted that balanced truncation model reduction strategy seeks to capture the controllable and observable states only while throwing away the uncontrollable and unobservable dynamics. Mathematically, we truncate the states based on dominant singular values. Therefore, the unmodeled dynamics consisting of relatively uncontrollable and unobservable states is related to the truncated Hankel values σ q+1 , σ q+2 , ...., σ n . Generally, the bound of the uncertainty in the unmodeled dynamics can be obtained and given by Hankel norm error as [34] , [35] (28) where G(s) is the transfer function of the original model, and G q (s) is the transfer function of the reduced model. Now in the present case, the overall system is given as in Figure 3 , which can be related to Figure 2 as well. The first dotted subsystem in Figure 3 is the electromagnetic part with the transfer function G 1 , and I y and F y are the control input The overall transfer function G from Figure 3 is given as
Since no MOR is involved in G 2 = 1 ms 2 , which is completely known, the effect of ROM is only that some part of the dynamics of G 1 is lost. The lost dynamics is considered as the uncertainty A . In other words, A is the sum total of all the unmodeled dynamics that has been thrown away in the MOR process (Figure 4) .
The boundedness of uncertainty A can be shown from (28) and (30) as
or,
where ω is the angular frequency andẐ is the upper bound, which is scalar. Hence, (30) can be written as [36] 
where is a transfer function satisfying | | ≤ 1 for all ω.
V. DESIGN OF PROPOSED SMC
In this section, the control law is designed for the reduced order system. The inequality of (35) is removed to consider the worst case when the uncertainty is equal to the upper bound (i.e.,Ẑ ). If the proposed control law works for the worst case, then it is obvious that it will work for any other instances in which the uncertainty is less thanẐ . The reduced order system in state space is defined aṡ
where δ ∈ R q×1 represents the uncertainties due to the neglected part of the original system in ROM. The following remarks are considered while designing the control law.
Remark 1:
The upper bound of δ is known, which satisfies
is the inverse Laplace transform of the unknown uncertainties A (jω). Furthermore, the ROM of order q from (36) obtained using balanced truncation method is controllable and observable. Now the reduced order system (36) is converted into a controllable canonical form by using a transformation matrix P ∈ R q×q which is constructed from the eigenvectors ofĀ q as
wherex q ∈ R q . By substituting the value of x q from (37) into (36) and rewritten in terms ofx q yields Pẋ q =Ā q Px q +B q u + δ,
whereÃ q ∈ R q×q andB q ∈ R q×1 are the reduced order system matrix in the canonical form which are expressed as
and the termδ is the uncertainty in the canonical form defined asδ
Hence, the reduced order system in (36) is now transformed into canonical form as given in (38) . The canonical form (38) can also be expressed aṡ
. .
wherex i for i = 1, 2, . . . , q, are the individual states of vectorx q .
A linear sliding surface s ∈ R is designed by a linear combination of system states as 
The proposed SMC is the combination of equivalent control u eq and switching control u sw . Therefore, the total control u is given as
The equivalent and switching control are selected as
wherew is the upper bound of uncertainties w i i.e.,
and η is a positive gain constant. The following theorem proves the finite time convergence of system states. Theorem 1: Consider the reduced order system in canonical form (41) under Remark 1 and a linear sliding surface (42). The proposed SMC (47) with equivalent and switching controls (48) & (49), respectively will converge the system statesx q to their equilibrium points in a finite time.
Proof: Consider a Lyapunov function candidate V 1 as
The time derivative of (51)
Substituting the value ofṡ from (46) in (52) yieldṡ
After putting the value of u from (47) in (53) yieldṡ
Now substituting the value of u sw from (49) 1 ,
where α = √ 2 η > 0 and V 1 is positive definite, therefore, V 1 is negative definite. So, according to finite time convergence lemma given in [37] , it can be concluded that since the time derivative of V 1 is in the form of (56), therefore the sliding surface s will converge to zero in a finite time. Moreover, s is a linear combination of statesx q as defined in (43), therefore ROM statesx i for i = 1, 2, . . . , q, will also converge to their equilibrium points in a finite time. This completes the proof of finite time convergence of system states under the action of proposed SMC. Moreover, the same controller will also perform satisfactorily with finite time convergence in the worst case scenario where the uncertainties will be at its upper bound.
The subsequent section describes the feasibility of the proposed controller (47) for the original system.
VI. IMPLEMENTATION OF PROPOSED CONTROLLER TO FOM
The proposed controller (47) is designed under the consideration of ROM under Remark 1. But, a similar controller design analysis for FOM is not feasible, since most of its states are uncontrollable and unobservable. Therefore, for performance comparison, the implementation of the proposed controller to both ROM and FOM is not straightforward. The proposed SMC is applied to both ROM and FOM according to the closed loop block diagram given in Figure 5 . In Figure 5 , the ROM is considered to be acting as an observer model for FOM. Therefore, the same closed loop control, which is obtained from the closed loop feedback of ROM is applied VOLUME 7, 2019 FIGURE 5. Block diagram of proposed control system for ROM. to FOM. Now, the convergence of error between FOM and ROM system states is proved in the next theorem according to Figure 6 . The dotted part in Figure 6 represents the virtual system to carry out the theoretical analysis of the error dynamics. The signals x andx are the non-physical signals. For theoretical analysis, the original FOM can be taken as the standard state space form given in (13) . In the proof, the following property is used.
Property 1 [38] : The negative-definite and symmetric system matrix A satisfies the following condition for any
where λ max (A) and λ min (A) are the maximum and minimum eigen values of A, respectively. Theorem 2: Under Remark 1, consider the dynamics of FOM (13) and ROM (36) . With the closed loop strategy given in Figure 6 under the action of the proposed controller (47), the error between the states of FOM and the projected ROM in original order space will uniformly converge to a narrow bound in the neighborhood of zero.
Proof: The reduced order system states x q from (36) can be transformed to the original order space of dimension n by multiplying the projection matrix V ∈ R n×q as expressed in (58)
Now the reduced order system is transformed into the original order space, but this does not mean it is the same as original FOM. The reduced order system given by (36) can be rewritten as
The error between the states of original system x and transformed reduced systemx is expressed as
Substituting the dynamics of FOM (13) and transformed ROM (59) into the time derivative of error (60) yieldṡ e =ẋ −ẋ,
where ∈ R n×1 is the difference between FOM and ROM defined as
The equation (61) can be rewritten aṡ
To show the convergence of e in the vicinity of zero, lets consider another Lyapunov candidate V 2
Taking the time derivative of (64) and using the Property 1
= e T (Ãe + ),
where λ m (Ã) < 0 = −k is the minimum eigenvalue of stable system matrixÃ.
The Lyapunov function V 2 from (64) can be written as
Substituting (68) into (67) yieldṡ
where ϕ = 2 2k > 0. The solution of (69) is
The Lyapunov function V 2 will ultimately converge to a significantly smaller bound given as
Similarly, the error e will also convergence within a small vicinity of zero with a bound defined as
⇒ as e converges to a narrow bound around zero,x ≈ x. Therefore, Theorem 2 shows that with ROM state feedback, one can implement the proposed ROM based design controller to FOM without taking direct feedback from the FOM.
VII. RESULTS AND ANALYSIS
The 3D FE modeling of AMB is carried out using COMSOL Multiphysics. The dimensions and materials used for the designing of AMB in COMSOL are given in Table 1 . For extraction of the node matrix, the element matrix and ultimately the entire unreduced model (11) & (12), the software requires two types of simulations to be carried out, the static simulation and the time varying simulation. To achieve static and time varying simulation, full AMB is cut along the width, which can be seen from Figure 7 In time varying simulation, the model is simulated for 1s with a time step of 0.005 s. Figure 8 represents the flux density distribution at an arbitrary chosen time instance t = 0.16 s for time varying case. The complete picture of flux density for the full AMB model is shown in Figure 9 .
For implementing the proposed control strategy, the system (11) & (12) along with the required system matrices are needed.
For the extraction of the matrices first, the node matrix and element matrix have to be generated. The original model thus obtained in MATLAB is of size 5898. During reduction, due to the large dimension of the Lyapunov equations (17) & (18), it is solved via Matrix Equation Sparse Solver (M.E.S.S.), which is an advanced version of the LyaPack Toolbox for MATLAB [39] . The method described in (20) The proposed controller (47) is simulated when the rotor is initially displaced from its original position. To validate the controller, different initial displacements y 0 are taken as y 0 = 0.5 mm, 1 mm, and 1.5 mm. Under the action of the proposed controller (47), the output response of the reduced order model and the full order model are shown in Figure 11 and 12, respectively, for different initial conditions. The gains of the controller are c 1 = c 2 = · · · = c 19 = 1 and upper bound of the uncertainties is selected asw = 0.342. In both of the reduced order model and the full order model, the trajectories are identical. Irrespective of the initial conditions taken as above, the displacement of rotor y(t) identically converges to its original position y = 0 within 1 s. Correspondingly, the corrective control input for different initial conditions, as shown in Figure 13 , converges to zero at the same time interval within 1 s.
VIII. CONCLUSION
This paper presents a novel approach to design a controller for AMB using reduced order model rather than the original model. FEM modeling of AMB has been discussed, and FEM generated large order model is reduced using balanced truncation. The computational aspects of applying balanced truncation to AMB model is also discussed. The unmodeled dynamics in the reduction process, which is bounded, is taken as bounded uncertainties. Since the original system is of a large order, therefore it is complicated to design the controller for FOM directly.
A sliding mode control law is designed for the ROM to compensate for the effect of unmodeled uncertainties and to regulate the position of the displaced rotor to its origin. The theoretical analysis of the reduced order closed loop system shows the finite time convergence of the ROM states. Then the controller designed for the ROM is applied to the FOM, compensating for the unmodelled uncertainties. The ROM can also be interpreted as an observer for the feedback control design of the FOM. It is proved that the error between the states of FOM and ROM is uniformly ultimately bounded and the error converges to a small vicinity of zero. In the numerical analysis, a 3D simulation of AMB is done using FEM software COMSOL. Model is extracted in MATLAB and reduced to a smaller order model. Various initial conditions are considered for the application of proposed controller to the ROM as well as FOM. The closed-loop performance of ROM with model uncertainties under the action of the proposed control law is satisfactorily consistent with the performance of FOM. Further, the performance result also illustrates the effectiveness of utilizing ROM as an observer for the controller design of full order AMB system.
